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“7 is twice the cube of an element” 3y . 7=2Y3
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We can also consider properties which an element X or tuple of elements (Xi, ..., X,) of
the field may or may not have.

“X is a sum of 3 squares” Y., Yo, Y3 : X = Y12 + Y22 + Y32

“X1, X2, X3 all have square roots” YL, Yo, Yo : X1 = Y3, X0 = Y2, X3 = Y7

“X is either equal to 2, or has a square root” F¥+X=2-0rX=Y2
Y (X -2)(X-Y?)=0
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We consider properties of fields (or tuples of elements of fields) which can be described in
terms of the solvability of a set of equations.
Given such a property, how many (auxiliary) variables are minimally needed to express
them?
@ 3Y :7=2Y3 — needs 1 variable
° 3Y1, Yo, Y3: —1= Y2+ YZ+ Y?
— is equivalent to 3Y1, Y2 : —1 = Y + Y2, so needs only 2 variables!
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Properties described by equations

We consider properties of fields (or tuples of elements of fields) which can be described in
terms of the solvability of a set of equations.
Given such a property, how many (auxiliary) variables are minimally needed to express
them?
@ 3Y :7=2Y3 — needs 1 variable
° 3Y1, Yo, Y3: —1= Y2+ YZ+ Y?
— is equivalent to 3Y1, Y2 : —1 = Y + Y2, so needs only 2 variables!

2 2
(Proof: If —1 =y + y3 + 3, then either —1 = y7, or —1 = (%ga) + (7%1311;2) )

e dY1, Y5, V3: X = Y12 + Y22 + Y32 maybe needs 3 variables ?
e 3Y1, Y2, Y3: X1 = Y2, Xo = Y2, X3 = Y2 maybe needs 3 variables ?
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What is the smallest m € N (if it exists) for which the property P(Xi,...,Xs) is
equivalent to the solvability of S(X1,...,Xn, Y1,..., Ym) in K (for Y1,..., Ym) for all
K € K, where S is some boolean combination of polynomial equalities?
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Existential rank

Semi-formally:

Let KC be a class of fields, n € N. Let P(Xi,...,X,) be a property which a n-tuple of
elements (x1,...,xp) in a field K € K may or may not have.

What is the smallest m € N (if it exists) for which the property P(X1,...,Xy) is
equivalent to the solvability of S(X1,...,Xn, Y1,..., Ym) in K (for Y1,..., Ym) for all
K € K, where § is some boolean combination of polynomial equalities?

The answer to the above question will be called the existential rank of P (with respect to
K).

E.g. With respect to the class of all fields, the property “—1 is a sum of 3 squares” has
existential rank at most 2.
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Let K be a field, char(K) # 2, x1,x2 € K. Then the following are equivalent:
Q@ Iy, €K :xi=yf and xo = y3,
Q JzeK:(x1=x=0)or (z*(x1 — x)? — 22%(x1 + x2) = 1).

In particular, the existential rank of “X; and X5 are both squares” with respect to K is 1.
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Existential rank

Let IC be the class of fields of characteristic different from 2. What is the existential rank
of the property “Xi and X, are both squares”?

Proposition

Let K be a field, char(K) # 2, x1,x2 € K. Then the following are equivalent:
Q@ Iy, €K :xi=yf and xo = y3,
Q JzeK:(x1=x=0)or (z*(x1 — x)? — 22%(x1 + x2) = 1).

In particular, the existential rank of “X; and X5 are both squares” with respect to K is 1.

(1) = (2): If x1 # 0 or xp # 0, then without loss of generality y; + y» # 0. Set z = —2

yity2®
(2) = (1): If x1 #0 or xo # 0, then z # 0. Sety1:Wandy2:W. O
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Outline

@ Introduction: optimally representing properties by solvability of polynomial equations
v

@ Crash course: Preservation theorems in model theory and algebra
© Existential rank revisited
@ Outlook & a lot of open questions
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First-order structures

Let £ be a first-order language, i.e. a collection of:

@ constant symbols (e.g. 0, 1, c, e, 0, ...),
e function symbols (e.g. +, —, -, exp(.), sin(.), %, )
@ relation symbols (e.g. <, €, |, ...)

Function and relation symbols come with an arity (= number of inputs)
E.g. + —, - <, € are 2-ary (binary), exp(.), sin(.) are 1-ary (unary).

An L-structure A consists of a set A, and
e for every constant symbol ¢, an element ¢ € A,
e for every n-ary function symbol f, a function 4 : A" — A,

o for every n-ary relation symbol R, a set RA C A",
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First-order structures

Main example for this presentation: the language of rings L,ing consists of:

@ two constant symbols 0, 1,

@ three binary function symbols +, —, -.

By definition, an Lyi,g-structure A consists of a set A endowed with
e two elements 04,14 € A,
e three binary functions +4, —A, A,

Note: not every Lying-structure is a ring.
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First-order structures

Properties which an L-structure may or may not satisfy can be described and studied via
first-order sentences.

Example: an Lyng-ring structure A is a ring if and only if the following sentences are
satisfied:
VX, Y, Z(X+Y)+Z=X+(Y+Z)AN (X -Y)- Z=X-(Y-2)),
VX, Y(X+Y =Y+ X),
YX(X-1=XA1-X=XAX+0=X),
YW, X, Y, Z(W+X) (Y+2Z)=(W- Y+ W-2)+ X-Y)+ X-2),
VX, Y, Z( X =Y =ZX=2Z+Y).

The ring is a field if it additionally satisfies
VX, Y(X- Y=Y -X) and VXIY(X=0VX-Y=1).

A set of L-sentences is called an L£-theory. An L-structure in which all sentences of a
given L-theory T holds is called a model of T. E.g. An Lying-structure A is a field if and
only if it is a model of the theory T consisting of all sentences on this slide.



Preservation theorems in model theory
@000

J-formulas and V-formulas
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L-formulas (3-formulas) respectively.

A V-theory (respectively 3-theory) is a theory consisting only of V-sentences (respectively
J-sentences).
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J-formulas and V-formulas

L-sentences of the respective forms
VYL Yo, oo, Y (Y, oo, Ym) and 3Ye, .., Yoo (Ya, .o, Yim)

where ¥(Y1,..., Ym) is a Boolean combination of atomic formulas (in the case of Lying:
polynomial equalities), are called universal £L-formulas (V-formulas) and existential
L-formulas (3-formulas) respectively.

A V-theory (respectively 3-theory) is a theory consisting only of V-sentences (respectively
J-sentences).

How does one recognize an V-theory (3-theory)?
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J-formulas and V-formulas

Definition: When A is an L-structure on set A, and if B C A contains all constants cA
and is closed under all functions 4, then there is a natural induced £-structure B on B
via restriction; we call B an L-substructure of A and write B C A.

Proposition

Every Lying-substructure of a ring is a ring.

All Lying-sentences (axioms) for rings are V-sentences. When they hold in a structure, then
also in every substructure. O

Proposition

The class of Lying-structures which are fields can not be described by an V-theory.

Q is a field, but its Lying-substructure Z is not. ]
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J-formulas and V-formulas

Theorem (Los-Tarski Preservation Theorem (V-version), 1954)

Let T be an L-theory. Suppose that every substructure of a model of T is again a model
of T. Then T is equivalent to an V-theory.

(Call two theories equivalent if they have the same models.)
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J-formulas and V-formulas

Theorem (Los-Tarski Preservation Theorem (V-version), 1954)

Let T be an L-theory. Suppose that every substructure of a model of T is again a model
of T. Then T is equivalent to an V-theory.

(Call two theories equivalent if they have the same models.)
Dually: one has

Theorem (Los-Tarski Preservation Theorem (3-version), 1954)

Let T be an L-theory. Suppose that every substructure of a non-model of T is again a
non-model of T. Then T is equivalent to an 3-theory.
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J-formulas and V-formulas

Example: Add to the theory of rings the L-sentence
E|X1,X2,X3,X4VY(X1 =YVXo=YVX3=YVXy= Y)

This axiom expresses precisely that the ring has at most 4 elements.
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E|X1,X2,X3,X4VY(X1 =YVXo=YVX3=YVXy= Y)

This axiom expresses precisely that the ring has at most 4 elements.
Clearly, a subring of a ring with at most 4 elements also has at most 4 elements. Hence,
by the Preservation Theorem, the sentence above must be equivalent to an V-sentence.
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J-formulas and V-formulas

Example: Add to the theory of rings the L-sentence
E|X1,X2,X3,X4VY(X1 =YVXo=YVX3=YVXy= Y)

This axiom expresses precisely that the ring has at most 4 elements.

Clearly, a subring of a ring with at most 4 elements also has at most 4 elements. Hence,
by the Preservation Theorem, the sentence above must be equivalent to an V-sentence.
For example (by Pigeonhole Pricniple):

VYL Y2, Ve, Ya, Ys |\ (Yi=Y))
1<i<j<5
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An Y3-theory is a theory consisting of only ¥3-sentences.
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An V3-theory is a theory consisting of only ¥3-sentences.
How does one recognize an V3-theory?
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Definition: When Ay C A; C Ay C ... is an ascending chain of L-structures with
underlying sets Ag C A1 C A, C ..., the union U,-GN A; naturally carries an L-structure,
denoted | J;cyAi and called the directed union.

Proposition
Let Ko C K1 C ... be an ascending chain of fields. Then U;cnK; is also a field.

All Lying-sentences (axioms) for fields are V3-sentences. When they hold in an ascending
chain of structures, then also in their union. []

v

Theorem (Chang-tos-Suszko Preservation Theorem, 1960's)

Let T be an L-theory. Suppose that, whenever Ag C A1 C Ay C ... is a chain of models
of T, also | J;cyy Ai is a model of T. Then T is equivalent to an V3-theory.
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Recall: existential rank

Recall the original question:

Let K be a class of fields, n € N. Let P(Xu,...,X,) be a property which a n-tuple of
elements (x1,...,xn) in a field K € K may or may not have.

What is the smallest m € N (if it exists) for which the property P(Xi,...,X,) is
equivalent to the solvability of S(X1,...,Xn, Y1,..., Ym) in K (for Y1,..., Ym) for all
K € K, where S is some boolean combination of polynomial equalities?
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Recall the original question:

Let K be a class of fields, n € N. Let P(Xu,...,X,) be a property which a n-tuple of
elements (x1,...,xp) in a field K € K may or may not have.

What is the smallest m € N (if it exists) for which the property P(Xi,...,Xy) is
equivalent to the solvability of S(X1,...,Xn, Y1,..., Ym) in K (for Y1,..., Ym) for all
K € K, where § is some boolean combination of polynomial equalities?

The answer to the above question will be called the existential rank of P (with respect to

K).

We are looking for a criterion for a property P to be given as

Y, Yoih

where 1) is a Boolean combination of polynomial equations.
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The property “Xi, ..., X, are squares”

Consider the property m,(Xi, ..., X,) stating that Xi,..., X, are all squares, i.e. given by

Y1, .. Ya(Xe = YEA A X, = Y?).

Proposition

Let K be the class of all fields, n € N. Then m, has existential rank n with respect to K.

Proof on blackboard.
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For contrast, we have:

Proposition

Let IC be the class of all fields K with char(K) # 2, let n > 1. Then , has existential
rank 1 with respect to K.
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The property “Xi, ..., X, are squares”

For contrast, we have:

Proposition

Let IC be the class of all fields K with char(K) # 2, let n > 1. Then , has existential
rank 1 with respect to K.

@ If K is any field with char(K) # 2 and a3, ..., a, € K, the extension
K(\/a1,..-,+/an)/K is generated by a single element by the Primitive Element
Theorem.
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The property “Xi, ..., X, are squares”

For contrast, we have:

Proposition
Let K be the class of all fields K with char(K) # 2, let n > 1. Then 7, has existential
rank 1 with respect to K.

Proof idea.

Q If K is any field with char(K) # 2 and ay, ..., a, € K, the extension
K(\/a1,..-,+/an)/K is generated by a single element by the Primitive Element
Theorem.

@ A quantitative version of the tos-Tarski Preservation Theorem (D., Dittmann, Fehm,
2021) relates existential rank to the minimal number of generators of extensions.

O
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The property “Xi, ..., X, are squares”

For contrast, we have:

Proposition

Let K be the class of all fields K with char(K) # 2, let n > 1. Then 7, has existential
rank 1 with respect to K.

Proof idea.
Q If K is any field with char(K) # 2 and ay, ..., a, € K, the extension
K(\/a1,..-,+/an)/K is generated by a single element by the Primitive Element
Theorem.

@ A quantitative version of the tos-Tarski Preservation Theorem (D., Dittmann, Fehm,
2021) relates existential rank to the minimal number of generators of extensions.

O

v

Note: It is possible to find an explicit formula with 1 existential quantifier for all n
(Becher, D., ca. 2019, only in my PhD thesis).
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In “Existential rank and essential dimension of diophantine sets” (D., Dittmann, Fehm,
2021) we develop systematically the connection between two related concepts of
complexity:

o Existential rank of properties in fields,
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Existential rank and essential dimension

In “Existential rank and essential dimension of diophantine sets” (D., Dittmann, Fehm,
2021) we develop systematically the connection between two related concepts of
complexity:
o Existential rank of properties in fields,
@ essential and canonical dimension of varieties (as introduced by Merkurjev, Berhuy,
Favi, 2003 - based on earlier work of Buhler and Reichstein, 1997).
Informally: the essential dimension of an algebraic object is the minimal number of
algebraically independent parameters needed to describe it.
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Existential rank and essential dimension

For example, by using results of Karpenko and Merkurjev (2003) which imply that the
projective quadratic over Q(T) given by the equation

TX¢ = X2 +...+ X2

has canonical dimension n — 1, we obtain:

Proposition

Let KC be the class of all fields of characteristic 0, n € N. Then the formula
Yy, Y X=Y24+ ...+ Y2

has existential rank n.
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There is a clear model-theoretic/functorial /geometric perspective.
@ What if K consists of a single field K7 Examples of things we know:
@ K = C or K finite: every existential property has existential rank 0,
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© K =TF,(T)): the property “Xi,..., X, are all squares” has existential rank n,
@ BUT if K/F; is finitely generated, then the property “Xi,..., X, are all squares” has
existential rank 1,
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e So far: consider existential rank with respect to class K of all fields (or all extensions
of a certain base field).
There is a clear model-theoretic/functorial /geometric perspective.
@ What if K consists of a single field K7 Examples of things we know:
@ K = C or K finite: every existential property has existential rank 0,
@ K =Ror K=Q: every existential property has existential rank at most 1,
© K =TF,(T)): the property “Xi,..., X, are all squares” has existential rank n,
@ BUT if K/F; is finitely generated, then the property “Xi,..., X, are all squares” has
existential rank 1,
© there exists K for which the property “X is a sum of n squares” has existential rank n,
@ (Pasten, 2021) there exists properties over C(T) of arbitrarily large existential rank,
@ K = Q: the property “X is a sum of two squares” has existential rank 2.

@ Things we do not know include:

@ K = Q: Does there exist a property of existential rank greater than 27
@ If K has a property of existential rank larger than 1, does it have properties of arbitrarily
large existential rank?
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Thanks for your attention!
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